Abstract-This paper presents a three degree of freedom (3DOF), variable speed REMUS 100 Autonomous Underwater Vehicle (AUV) model with forward and aft, horizontal and vertical cross-tunnel thrusters. The combination of modeling variable speed and cross-tunnel thrusters permits analysis of AUV docking maneuvers under various vehicle and oceanographic conditions. Hydrodynamic equations of motion are developed for depth/altitude control with an emphasis on reproducing accurate REMUS 100 motion over various velocities with and without the cross-tunnel thrusters. The model is validated with comparisons to missions conducted in Monterey Bay, CA.
INTRODUCTION
This paper presents an accurate three degree of freedom (heave, surge, and pitch) model of the REMUS 100 vehicle to aid in carrying out sustained AUV operations. The model was developed, in part, to improve understanding of vehicle control during terminal homing docking. This is a situation where the AUV attempts to navigate into a capture cage of approximately .75m 2 . The current docking technique uses Ultra-Short Baseline (USBL) as a sensing system to provide range and bearing to the docking station. The navigation strategy was to drive the AUV at approximately 3 knots into the docking station. This higher speed was necessary due to the lack of control at slower speeds. This docking technique resulted in damage to the vehicle and the docking station. As an alternative, an AUV with cross-tunnel thrusters can more carefully approach the target by slowing and using the cross-tunnel thrusters for vertical and horizontal maneuvering. Coupled with an additional optical sensor for near field control, the AUV can potentially, more safely, enter the docking station. Developing the system requires a better understanding of the vehicle dynamics. Installing and extracting the docking system is time consuming and expensive. Developing an accurate hydrodynamic model of the REMUS 100 with crosstunnel thrusters provides a cost-effective method for validating control strategies and vehicle dynamics.
II. BACKGROUND
Underwater autonomous docking has the potential to significantly improve oceanographic data collection. It provides an undersea location for the AUV to recharge its batteries and communicate with the surface. This persistent presence reduces costs by keeping the AUV in the water while increasing the ability to collect data at short notice. For military U.S. Government work not protected by U.S. copyright [1] operations, the stations can provide covert locations for AUVs to transfer collected data from its operational environment. In this paper a REMUS 100, seen in figure 1, was used as the AUV for analyzing the problem of autonomous underwater docking. The REMUS 100 is a marine AUV which is used in marine research, defense, hydrographic, and offshore/energy markets. The vehicle is small enough to be carried by two people, yet contains enough sophisticated sensor, navigation, and power resources to enable it to perform intricate sonar and oceanographic surveys over large areas. [2] The NPS Center for Autonomous Vehicle Research (CAVR) modified a standard REMUS 100 vehicle to include horizontal and vertical cross-tunnel thrusters (see figure 1) . The cross tunnel thrusters are positioned fore and aft of the center of bouyancy and are aligned with the centerline of the vehicle. They operate in the reverse and forward directions at speeds of up to 4000 RPM. These cross-tunnel thrusters allow the REMUS 100 the ability to maintain control at slower speeds. Prior research has presented mathematical models of a REMUS 100 vehicle that accurately reflected the behavior of the vehicle operating at a single speed in a relatively benign ocean environment. The mathematical model presented in this research will expand upon previous models to represent the new variant of the REMUS 100 vehicle. The first half of this paper will cover the development of a 3DOF mathematical model of a REMUS operating at variable speeds with cross tunnel thrusters and the second half of the paper is the experimental verification of that 3DOF mathematical model.
III. AUV MODEL DEVELOPMENT
A six degree of freedom (6DOF) model of the REMUS 100 was originally developed by Prestero [3] and refined by Sgarioto [4] . The 3DOF model in this paper is a simplified version of Prestero's and Sgarioto's 6DOF models. However, Prestero's and Sgarito's 6DOF models did not simulate a REMUS 100 vehicle at various speeds and utilizing crosstunnel thrusters. The 3DOF model developed will simulate the behavior of the REMUS 100 vehicle at various speeds and utilizing cross-tunnel thrusters. All REMUS 100 mathematical models have been developed using the AUV equations of motion and kinematics developed by Fossen [5] and Healey [6] . The alternate force equation is now:
The propeller force is simplified to a single variable, Fpropeller. which is a function of propeller RPM.
D. Equations of Motion for the REMUS 3DOF Model
The equations of motion shown in this paper are provided for reference and to show the different components of each force and moment considered in the REMUS 100 3DOF model. For an in-depth derivation of these equations please reference Healey's [6] and Fossen's [4] work.
1) Surge Equation:
The following equations derive the summation of forces acting in the X -direction on the vehicle. These forces are a summation of hydrostatic, added mass, hydrodynamic, and propeller forces. Figure 2 shows the reference frames normally utilized when modeling an AUY. The global-inertial frame is a fixed frame with respect to the center of the earth. The body fixed frame has its origin fixed at the center of the vehicle with the principle axes aligned with vehicle motion. Both reference frames are right hand reference frames oriented in the North, East, and Down directions. [5] A. Reasons for the simplification to a 3DOF model 1) The aim of this paper is to create a "useful" variable speed model of the new REMUS 100 variant that utilizes cross-tunnel thrusters. Even when limiting the model to heave, surge, and pitch, the 3DOF model is able to show critical vehicle behavior such as the speed at which cross-tunnel thrusters need to be utilized to maintain vehicle depth.
C. Reference Frame and Degrees of Freedom
2) The 3DOF model significantly reduces processing time to run a simulated mission allowing for faster tuning and comparison with data collected in the field. 6) The vehicle is a rigid body with constant mass. 7) The control fins of the vehicle will not stall at any angle of attack. 8) The speed of the vehicle does not impact cross-tunnel thruster efficiency. 9) The forces acting on the vehicle are limited to inertial, gravitational, hydrostatic, propulsive, and hydrodynamic forces. 10) Coupled components of the equations of motion from sway, roll, and yaw are negligible in the 3DOF model. 
Fvert-CTT,aft (6) It is assumed that the two vertical cross-tunnel thrusters can be treated as a single force acting in the Z-Direction:
2) Heave Equation:
The following equations derive the E. Variables used in the 3DOF model summation of forces acting in the Z-direction on the vehicle. These forces are a summation of hydrostatic, added mass, hydrodynamic, lift, and cross-tunnel thruster forces.
F. Vehicle Hydrodynamics, Added Mass, and Thrust Coefficients
The modified heave equation is now:
The following equations derive the summation of moments contributing to the pitch of the vehicle. These moments are a summation of hydrostatic, added mass, hydrodynamic, lift, and cross-tunnel thruster moments.
Through analysis of the 3DOF equations in regard to real world vehicle data, it was determined that the following coefficients are the major contributors to the equations of motion in a variable speed cross-tunnel thruster model:
The following sections provide the calculations and justifications for the 3DOF model's major coefficients.
The following equation defines the axial drag coefficient Xulul:
The vertical thrusters are assumed to be equal distance from the center of buoyancy and are assumed to be receiving the same RPM command. Therefore,
(14)
p and A f are both constants, however the coefficient of drag (Cd) will change with the vehicle's velocity depending on the Reynolds Number. To better interpret how this Cd will be affected, the Reynolds number in the X-direction for the REMUS needs to be calculated over its entire operating regime [7] :
The total vertical thruster torque is equal to a linear combination of the forward and aft vertical thrusters. 
J1
Diameter (D) was used instead of the vehicle cross-sectional area to ensure that the smallest Reynolds number that could be seen by the vehicle was calculated. This calculation provided the most conservative analysis of the fluid dynamic properties of the REMUS vehicle operating at variable speed.
The value of the Reynolds number determines turbulent or laminar flow by the relationships seen in table 1.
As can be seen in figures 3 and 4, nearly the entire range of operating velocities for the REMUS vehicle is in the [7] [5] at
O<Re<l
Highly viscous laminar creeping motion
Laminar, strong Reynolds number dependence 100 < Re < 10;:1 Laminar, boundary layer theory useful 10" < Re < 10'" Transition to turbulence 10'" < Re < 10" Turbulent, moderate Reynolds number dependence 10" < Re < 00
Turbulent, slight Reynolds number dependence
Where L' is the width of the major axis and L" is the width of the minor axis. Therefore: 
Using the cross flow drag coefficient (Cdj) developed by Whicker and Fehlner [10] and the fin taper ratio (t) the following equations are derived:
The Reynolds Numbers in the Z-direction will be much higher than the Reynolds Numbers in the X-direction due to the larger associated area of fluid interaction. It was proven in the Xulul section that the REMUS vehicle is always operating in a turbulent flow regime. Since the vehicle is always in a turbulent flow, the cross flow drag coefficient Cdc can be determined and the assumption that Re~10 4 in the Zdirection is valid.
For a cylinder with a Re~10 4 and with D / L~10
(REMUS D / L = 11.59), Cdc~0.82 according to White [7] or Cdc~0.85 according to Hoerner [9] . Cdc = 0.82 was used in the model presented in this paper. Giving us the following value for Zwlwl,Body:
Turbulent-Slight Reynolds Number Depend The cross flow drag coefficient (Mwlwl) above is valid for the entire range of REMUS 100 operating velocities since the vehicle is always operating in the turbulent flow regime where there is slight Reynolds number dependence.
The fin lift force (Zuu<5s) is determined by the following equation:
H. Direct Force and Torque Inputs Applied to Equations of Motion
The following are the direct force and torque inputs applied to the equations of motion for the 3DOF model: The equation for Fpropeller has the behavior seen in figure  5 .
Fvert-CTT,Total (ZCTT) for the REMUS 100 was derived through experimentation utilizing a FUTEK strain gauge. The strain gauge experiments were conducted to find the force generated by one cross-tunnel thruster at a certain RPM (n) in the downward direction (Fdown) . The experiments yielded a different equation of force when the thrusters were operating at a certain RPM (-n) in the upward direction (Pup) . With this research's assumptions, the following relation is true:
The fin lift moment (M uu <5s) is determined by the following equation:
G. Other Coefficients
The following coefficients are the minor contributors to the equations of motion in a variable speed cross-tunnel thruster model. These coefficients were deemed minor due to the lower velocities and accelerations associated with the listed coefficients. The behavior of these minor contributors regarding variable velocity is not addressed in this research. However, the constants for these coefficients were derived in previous research for the REMUS vehicle and can be found in Prestero's [3] and Bermudez's [1] -------,.---.,...---~---.___--. .., F = -6.85e-15'n 4 + 73e-11'n 3 + 9.26e-08'n 2 + 0000497"n 8 rev The 3DOF model verification was conducted in two parts. The first part of the verification process was conducted by obtaining REMUS commands and data from experimentation done in the field. A thousand seconds of depth and RPM commands from a REMUS vehicle operating in Monterey Bay were imported into the 3DOF model. In the first part of the verification, cross-tunnel thrusters were not enabled on the vehicle. However, depth and RPM commands did vary during the analyzed thousand second window. The 3DOF model's behavior in the Z-direction was then plotted against the actual vehicle behavior and a sensitivity analysis was conducted. The results are seen in figures 8, 9, and 10.
Through performing a sensitivity analysis, it was determined that the mean of the error between the real world REMUS behavior and the model behavior was -12.8 cm with a standard deviation of 34.4 em. This error calculation was for the entire thousand second mission. 
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'li. V. CONCLUSION The second part of the 3DOF model verification process tested the cross-tunnel thruster portion of the model. Another 1000 second window was selected from in field experimentation conducted in Monterey Bay. The REMUS vehicle was operating at various speeds with varying cross-tunnel thruster inputs. Again, depth and RPM commands were fed to the 3DOF model and the model's behavior in the Z-direction was plotted against the actual vehicle's behavior and a sensitivity analysis was conducted. The results are seen in figures 11, 12, 13, and 14.
Through performing a sensitivity analysis, it was determined that the mean of the error between the real world REMUS behavior and the model behavior was 8.8 em with a standard deviation of 43.4 em. This error calculation was for the entire thousand second mission. "All models are wrong, but some are useful."
-George E. P. Box
The 3DOF model provided a "useful" model of the vehicle's behavior in the X and Z planes. The assumptions made in this model did not impact its fidelity dramatically and allows for a simulated prediction of the REMUS vehicle's behavior in the field. With the development of the 3DOF model, a better understanding of the capabilities of a REMUS vehicle with cross-tunnel thrusters has been accomplished. The 3DOF model can simulate a REMUS vehicle's cross-tunnel thruster and variable speed behavior during docking missions, mimic the vehicle's depth control, and RPM capabilities, and can be consulted when designing future REMUS docking stations. 
